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ABSTRACT 


We  show  the  existence  of  a  solution,  positive  and  continuous  on 
0  ^  t  <  00 ,  and  tending  to  0  as  t  -*•  00 ,  of  the  differential  equation 

x  +  2t  -  x  +  a(t)xk  =0,  1  <  k  <  4  .  (1) 

This  is  a  generalization  of 

*  *  -1  *  2 

x+2t  x-x+x  =0 

which  arose  in  connection  with  work  by  Takahashi  concerning  the  structure 
of  the  nucleon  core,  and  studied  by  J.L.  Synge. 

First  we  consider  the  simpler  problem 

u*  -  u  +  a(t)t1_kuk  =  0,  1  <  k  <  4  (2) 

and  set  up  a  variational  problem  whose  solution,  if  it  exists,  must 

satisfy  (2)  ,  be  continuous  on  0  _<  t  <  00 ,  with  lim  t  ^u(t)  <  00  and 

-i  t  * 0 

lim  t  u(t)  =  0.  Then  a  direct  method  is  used  to  establish  the 

£  ->•  co 

existence  of  a  solution  to  the  variational  problem. 

We  next  show  that  the  variational  method  can  be  used  to  prove  the 
existence  of  a  solution  to  the  boundary  value  problem 

u"  +  Ap(x)u  =  0,  u(0)  =  u(l)  =0,  0  <  x  <  1. 

However,  the  procedure  is  simpler,  as  no  singularities  are  present  in 
the  interval  considered. 


iv 


( 


ACKNOWLEDGMENTS 


I  would  like  to  express  my  appreciation  and  gratitude  for  the 
guidance  and  assistance  received  from  my  supervisor.  Dr.  J.  Macki. 

I  also  would  like  to  thank  my  family  and  my  husband,  Ed  for  the 
encouragement  given  me  while  this  thesis  was  in  preparation. 

I  am  very  grateful  to  Mrs.  Georgina  Smith  for  the  fine  typing. 


v 


TABLE  OF  CONTENTS 


CHAPTER  I  -  Physical  Background  and  Preliminary 

Reductions  .  1 

CHAPTER  II  -  Analysis  of  the  Mathematical  Problem  .  5 

CHAPTER  III  -  A  Further  Application . 24 

BIBLIOGRAPHY  .  30 


vi 


CHAPTER  I 


PHYSICAL  BACKGROUND  AND  PRELIMINARY  REDUCTIONS 


Takahashi  studied  a  simple  model  for  the  structure  of  the  nucleon 
core  in  [1].  His  model  was  a  system  consisting  of  a  non-relat ivistic 
nucleon  and  a  neutral  meson  field.  He  obtained  the  following  pair  of 
differential  equations  for  the  unknowns  <j)  and  V: 


(A  +  e)<Kx)  =  2MfV(x)  <J>  (x)  , 

(A-y^)V(x)  =  f (x)<j)(x),  x  e]R^, 


(1) 


subject  to  the  normalization  condition 


(2) 


Here,  A  is  the  Laplacian  operator,  cf)  (x)  the  nucleon  wave  function, 
V(x)  the  (real-valued)  meson  potential,  f  is  the  coupling  constant 
between  nucleon  and  meson  field,  while  e,  M  and  y  are  constants  in¬ 
volving  the  mass  and  energy  level  of  the  system.  Takahashi  showed 
that  a  perturbation  approach  would  not  work,  and  he  then  applied  a 
variational  technique  (the  Ritz  method) . 

In  [2],  Synge  attacked  this  system  of  equations  under  the  following 
special  assumptions: 


(i)  e 


2 

-U  , 


(ii)  cf>  =  kV  where  k  is  some  complex  constant, 


(iii)  solutions  have  spherical  symmetry. 


Because  of  (i)  and  (ii) ,  the  equations  (1)  become 


(A-y^)V(x)  =  2MfV^(x), 


(A-y^)V(x)  =  fk  kV^(x). 


-1- 


r 


we  have,  then, 


In  order  for  these  equations  to  be  consistent  k  k  =  2M; 
the  single  partial  differential  equation 


(A  -  y2)V(x)  =  2MfV2(x) 


(3) 


x 


Letting  V  -  V (x) ,  yx  =  x  and  W(x)  =  V  —  in  equation  (3),  we  have 


y2 (A  -  1)W  =  2MfW2, 


that  is , 


/T  1Ntt  2Mf  tt2 
(A  -  1)W  =  — —  W 


y 


2Mf 


Making  a  further  substitution  V(x)  =  — —  W(x) ,  Synge  obtained 


(A  -  1)V  =  V2  . 


Since  $  =  kV,  the  normalization  condition  (2)  becomes 
1  1 

~  2M  ’  and  usdn8  the  above  transformation  we  obtain 

k  k 

2  3_  y3 

w  5  =  2m  * 


2  „  3 

V  (x)d  x 


Hence. 


—2  ru3_  y 
V  (x) d  x  =  — 
~  ~  2M 


2  2 
4M  f 


y 


2Mf ' 
y 


(5) 


Since  he  assumed  the  condition  of  spherical  symmetry,  letting 


x .  and 

3 

g(r) 

=  V (x) ,  so  that 

32V  g"(r)r-g’(r) 

_2 

3V 

x. 

g' 

and 

x . 

. 

3x . 

J 

2  ”  2 

9x .  r 

J 

r 

he  obtained  from 

(4), 

+ 


j  =  1,2,3, 


2—  — 
d  V  n  -1  dV  —  —2 

— y  +  2r  —  V  -  v  =  0, 
,2  dr 

dr 


that  is. 


3. 


V"  +  2r  1V'  -  V  -  V2  =  0, 


(6) 


and  from  (5) 


fCO  2 

2—2  Mf 
r  V  dr  = 


0 


2  Try 


The  problem  was  to  find  a  solution  V  of  (6)  finite  for  0  £  r  <  °°, 
with  V(°°)  =  0. 

In  order  to  do  so,  Synge  wrote  V  =  x(t) ,  r  =  t,  so  that 


xM  +  2t  ^~x!  -  x  -  x2  =  0,  0  <  t  <  00 , 


(7) 


with  x(t)  ->  0  as  t  ->  00 . 

Equation  (6)  can  be  generalized  to  dimension  N  from  3  in  which 
case  the  equation  is 

-1  2 

x"  +  at  x ’  -  x  -  x  =0  where  a  =  N  -  1. 


The  corresponding  first-order  system  is 


x  ’  =  y 


y’  =  -at  y  +  x  +  x" 


-1 


(8) 


Any  solution  to  (8)  is  regarded  as  the  motion  of  a  representative 
point  with  coordinates  (x,y)  in  a  phase-plane.  Synge  went  on  to 
define  the  "energy”  E  as 


12  12  13 

E  =  2  y  -  2  X  -  3  x 


-1  2 

so  that  E'  =  -at  y  _<  0  and  the  "energy"  decreases  steadily,  so  the 
motion  of  the  representative  point  is  "downhill"  across  the  level 
curves  E  =  constant. 


Since  he  was  mainly  concerned  with  the  3-dimensional  case  (a  =  2) , 
he  then  considered  the  equation  (7)  which  is  equivalent  to  the  system 
(8)  with  a  =  2.  In  this  case,  on  the  basis  of  qualitative  considera- 


4. 


tions  about  the  phase  plane  and  detailed  numerical  calculations,  Synge 
came  to  the  conclusion  that  it  appears  that  (7)  has  a  unique  solution 
such  that  x(0)  is  finite  and  x(t)  ->0  as  t  ^  “  where  x(0)  =  -4.19169 
(approximately) . 

In  [3],  Nehari  settled  the  question  of  the  existence  of  a  positive 
solution  of 

x+2t^x-x+x^=0,  l<k<4  (9) 

satisfying  lim  x(t)  =  0  using  a  variational  approach.  However,  he 
t 

could  not  prove  uniqueness.  The  extra  range  of  powers  represented  by 
k  allows  a  slightly  more  general  relation  between  <}>  and  V  than  (ii)  . 

In  [4],  Sansone  gave  an  exhaustive  treatment  of  this  problem,  using  a 
wide  variety  of  techniques  from  the  qualitative  theory  of  ordinary 
differential  equations;  in  particular,  he  proved  uniqueness.  In  this 
thesis,  we  treat  a  generalization  of  the  equation  (9),  using  Nehari's 


variational  approach. 


CHAPTER  II 


ANALYSIS  OF  THE  MATHEMATICAL  PROBLEM 

1.  We  consider  the  question  of  the  existence  of  a  solution  to  the 
ordinary  differential  equation 


•  •  2x  le 

x  +  ~  -  x  +  a(t)x  =  0 

(x  =  x(t)) 

(la) 

satisfying 

the  conditions: 

(i) 

x(t) 

\ 

>  0  for  0  <  t  <  00 

(ii) 

x(t) 

is  continuous  for  0  <  t  <  00 

l 

(lb) 

(iii) 

lim 

X 

rt 

II 

O 

t  ->  °° 

/ 

where  k 

is  constant,  1  <  k  <  4,  and  0  <  a(t) 

<  M  (a(t)  t  0) 

is 

continuous  on  also  a(t^)  >  0  for  some  (t^l  ^  0* 

We  will  show  that  (la)  has  a  solution  satisfying  (lb) . 
We  shall  follow  the  variational  approach  of  Nehari  [3] . 


2 .  The  Variational  Problem. 

•  •  -1  -2  •  •  -1  •  • 

X  =  ut  -t  u,  x=t  u  - 

becomes 


Letting  u(t)  =  t  x(t) ,  we  get 

-2*  -3  -2* 

t  u+2t  u-t  u  and  equation 


(la) 


• •  ,  /  s  1-k  k  _ 

u-u+a(t)t  u  =0. 


(2) 


We  will  show  that  (2)  has  a  solution  which  satisfies: 


(i) 

u(t) 

is  continuous  for  0  <  t  <  00 

(ii) 

lim 
t  +  0 

t  1u(t)  <  00 

(iii) 

lim 

t-1u(t)  =  0 

t  ->  00 

-5- 


by  setting  up  a  variational  problem  whose  solution,  if  it  exists,  must 
satisfy  (2)  and  the  conditions  (i)-(iii)  above.  We  will  use  a  direct 
method  to  establish  the  existence  of  the  solution  of  the  variational 
problem. 

The  problem  is  to  minimize 


J(y) 


00  •  2  2 
(y  +  y  ) dt 

J0 


(3) 


where  y(t)  ranges  over  the  class  A  of  functions  which 

(a)  are  non-negative  for  0  <_  t  <  °°, 

(b)  are  continuous  for  0  t  <  °°, 

(c)  have  a  piecewise  continuous  derivative  for  0  <_  t  <  00 , 

(d)  vanish  for  t  =  0, 


(e) 


are  normalized  by  the  condition 


roo 

a  (t) 

J0 


k+1 

y _ 

k-l 

t 


dt 


=  1, 


(4) 


(f)  are  such  that  the  integral  (3)  exists. 

The  existence  of  (4)  is  implied  by  the  existence  of  (3) ,  so  we  need  not 
assume  it  explicitly.  To  see  this,  we  argue  as  follows.  Since  y(0)  =  0, 


ft 

2 

1  *2a 

y 

1  t 

y  dx  <  t 

Jo 

• 

0  J 

r°° 


(y2  +  y2)dr  =  t  J (y) 


(5) 


0 


and 


2/  \ 

y  (t) 


=  2 


y  ydx  < 


0 


•2  2 
(y  +  y  )dr 


=  Y 


(Y>0) 


(6) 


0 


Also  for  any  function  y(t)  with  y  e  L9[0,°°)  and  y(0)  =  0,  we  have 
the  following  (by  Littlewood's  inequality  which  is  proven  in  [3]) 


T  2 

y 

o  t2 


dt  <  4 


•  2 

y  dt . 


0 


Thus,  if  T  >  1,  we  get,  since  a(t)  is  bounded  by  M, 


( 


7. 


r  T 


0 


,  .  1-k  k+1 
a(t) t  y  dt  = 


✓  1-k  k+1 

a(t)t  y  dt + 


/\ 1-k  k+1 
a(t)t  y  dt 


5-k  1-k 


0 

a(t)  t  2  yk_1  t  2  dt  + 
0  t 

1 


.  v  2  ,  1-k  k-1, 
a(t)y  [t  y  ]dt 


< 


k-1 


y 


o 


2 

a(t)  t  2  dt+Yk_1 


2 

a(t)  y"dt,  (y  =  y(T)) 


since 


and 


1-k 

2.  .  2  k-1  2  k-1 

y  (t)  <_  ty  =>  y  t  <  Yk  ,  0  <  t  <  1; 


.1-k  k-1  „  k-1  k-1 

t  y  <  y  <  Y  : 


k  >  1 ,  t  >  1 , 


So 


\  1-k  k+1  k-1 

a(t)t  y  dt  <  My 

~  dt  +MYk  1 

•'o  J 

0  t  J 

2 

y  dt 


5-k 

2 

(since  t  <1,  0  <  t  <  1) 


<  4My 


k-1 


• 2 ,  ,  M  k-1  2 

y  d  t  +  My  Y 


0 


<  5MYk+1 . 


Thus , 


1-k  k+1  k+1 

a(t)t  y  dt<  5My 


0 


and 


r  rT  i 

r  ,  ,  1-k  k+1 
a(t)t  y  dt 

_<  25M2Y2(k+1)  =  25M2 

■T  2 

(y  +y  )dt 

U  o  J 

0  J 

k+1 


That  is. 


r  rT  > 

,  x  1-k  k+1 

2  2 

T  *2  2 

a(t)t  y  dt 

<_  25M 

(y  +y  )dt 

Uq  j 

v. 

Jo  J 

k+1 


,  k  <  5 ,  V  T  e  (0 ,°°)  .  (7) 


(7)  seems  to  show  that  the  equation  (2)  may  have  a  solution  with  the 
desired  properties  for  1  <  k  _<  5  instead  of  restricting  k  to  l<k<4. 


8. 


However,  our  method  of  proof  does  not  show  that  lim  t  ^u(t)  <  00  for 

t  ->  0 

4  <  k  <  5,  although  the  existence  of  a  continuous  solution  is  shown  for 
4  <  k  <  5. 


3.  Construction  of  Comparison  Functions.  Inequality  (7)  shows  that 
J(y)  is  bounded  below  because  of  the  normalization  condition 

fCO 

1—lc  lo4"1  9  y  |  ~| 

a(t)  t  y  dt  =  1.  Thus,  inf  J(y)  >_  (1/25M  )  >  0. 

J0  A 

Let  X  =  g.£.b.  J(y) ,  (A  >  0).  Then  there  exists  a  sequence  of 

00 

functions  {y^Ct)}^  from  A,  with 


lim  J(y  )  =  A.  (8) 

n 


We  shall  show  that  such  a  sequence  {y  }  must  be  uniformly  bounded,  and 

n 

equicontinuous  on  [ 0 , °°) .  Therefore,  by  Ascoli's  Theorem,  there  exists  a 

subsequence  {y  }  which  converges  to  a  continuous  function  y(t), 

k 

uniformly  on  each  finite  interval  [ 0 , T ] . 

Since  lim  J(y  )  =  X,  the  values  of  J(y  )  are  bounded,  that  is, 

n  n 

n  -*  00 

there  exists  a  positive  constant  C  such  that 


„  2 

J(y  )  £  C  ,  n  =  1,2, • • • . 

2  2  2 

We  have  y  <  J(y  ).  So  y  (t)  <  C  ,  V t  >  0.  Therefore,  the  sequence 
n  —  n  n  —  — 

{y  }  is  uniformly  bounded  on  [ 0 , °°)  .  Now,  for  0  <_  t^  <  t^  <  °°, 


yn(t2)-yn(tl) 


t9 

rr  2 


y  dt 
n 


l2dt 


^  r  rt2 


y  dt 
n 


(fc2  tl') 


'  •  2 
y  dt 
n 


•  2  2 
(y  +y  )dt 

n  n 


(Holder's  Inequality) 


9. 


Hence,  fy  1  is  oquicontinuous  on  [0,™) . 

Therefore,  there  exists  a  subsequence,  denoted  again  by  {y  },  which 

n 

converges  uniformly  on  each  [0,T] ,  to  a  continuous  function  y(t)  and 

lim  J (y  )  =  X.  We  cannot  assert  that  J (y)  -  A,  in  fact,  J (y)  may 
n  -*  00  n 

not  exist.  We  wish  to  show  that  0y(t),  where  0  is  a  suitable  positive 

•  •  2.— It  It 

constant,  is  a  solution  of  u  -  u  +  a(t)t  u  =0  and  y(t)  ->  0  for 

t  0  and  t  ->  00 .  Moreover,  we  shall  show  that  lim  t  ^y(t)  =  A 

t  1  0 


where  A  is  a  positive  real  number. 

First  we  show  that  with  a  suitable  choice  of  the  Lagrange  multipliers 

a  >  0  we  can  define  admissible  functions  u  (t)  as  solutions  to  the 
n  n 

linear  boundary  value  problem 


u  -u  +a  a(t)t^  kyk=0,  u  (0)  =  u  (°°)  =  0 ,  n  =  l,2,***,  (9) 

n  n  n  n  n  n 

in  such  a  way  that  J(u  )  <  J(y  ).  Thus,  J(u  )  -*  A.  If  u  solves 

n  —  n  n  n 

\ 

(9) ,  then  we  can  write  it  as 


,°0 


u  (t)  =  a 
n 


n 

✓ 


g(t ,T)a(x)T 

0 


1-k  k 


(x)dx, 


(10) 


where  g(t,x)  is  the  Green’s  function  of  the  differential  operator 

•  • 

L(u)  E  u-u  with  boundary  conditions  from  (9),  that  is 


g(t,x) 


f  e  sinh  x,  0  <_  x  <_  t , 

—  T 

Le  sinh  t,  t  >  t. 


(9)  and  (10)  are  not  equivalent  since  even  though  (10)  satisfies  the 

differential  equation,  it  may  not  satisfy  the  boundary  conditions.  We 

shall  show  that  (10)  is  indeed  a  solution  of  (9)  under  the  conditions 

imposed  on  y  (t)  and  k.  Let  us  define 
n 


10. 


v  (t)  = 
n 


0 


e  tsinh  t  a(x) ^y^C(T)dT  + 

n 


e  Tsinh t a(x) x^  ^y^(x)dx 

n 


=  e 


-t 


0 


sinhxa(x)x1  kyk(x)dx  +  sinh  t 

n 


e  Ta(x)x^  ^y|^(x)dx, 


i.e.,  u  (t)  when  a  =1.  We  denote  the  first  integral  on  the  right 
n  n 

side  by  <f>(t)  and  the  second  by  ^(t),  and  we  shall  study  the  behaviour 
of  <f>(t)  and  ip ( t )  near  0,  and  as  t  +°°  . 


<J>(t)  = 


r  t 
0 
t 
0 


sinh  x  a(x)x^  ^y^(x)dx 

n 


i  _  —  — 

sinh  x  ,  N  1-k  2  k-2  2  2 

-  a(x)x  yy  x  x  dx 

x  n  n 


2  2 

Since  sinh  x  <_  x  cosh  x,  0  <  a(t)  <  M,  and  y  (t)  .1  ^  tC  ,  we 

2-k 

2  k-2  k-2 

have  t  y  <  C  ,  so 
n  — 


k-2 

<Kt)  <  C  M  cosh  t 


ft  1  2  2 

x  y  dx 

0  n 


q  k  ,  2 

k-2  3  "I  rt  7 

<_  MC  t  cosh  t 

•'Ox 


|  dx  (since  for  x  _<  t  and  l<k<_6, 

~  _  k  ~  _  k 

J  2  J  2 

we  have  x  <  t  ) 


.  k-2  3  2  ,  „ 

<  4MC  t  cosh  t 


0 


•2 

y  dx 
n 


Achit  2 


cosh  t  (since 


t  y 


— 7T  dx  <  4 


0  x 


0 


y2dx  <  4 J (y  )  <  40  ) . 
n  —  n  — 


Therefore , 


3  -  — 

(Jj(t)  <  4MCk  t  2  cosh  t 


(ID 


This  estimate  will  be  useful  near  t  =  0.  Now  we  study  the  behaviour  of 


<f)(t)  near  t  = 


- 

11. 


4>(t)  = 


sinh  t  a(x)T^  ^y^(x)dT 


0 


sinh  t  a(x)T^  ^y^(x)dx  + 


sinhxa(x)x^  kyk(x)dx,  0  <  t^  <  t 


0 


=  Kt0)  + 


J  t 


sinh x a(x) x^  kyk(x)dx 

n 


0 


l<Kt0)  +\  Mck 


l-k  x,  ,  .  k  kx 

x  e  dx  (since  y  <  C  ) . 

n  — 


0 


l-k  2 

Set  t  =  2(k-l).  Now,  x  e  is  increasing  for  x  >  2(k-l),  so, 

x_  t_ 

£  l-k  2  l-k  2 

for  t  _>  x  >  t^,  x  e  _<  t  e  .  Therefore, 


■Mt)  1  *(t0)  +  J  McV  ke2 


k  t  1 


2  , 

e  dx 


0 


t  +  t 


0 


,  ,  .  >jrr,k  l-k  t  „nk  l-k  2 

=  ^(tg)  +  MC  t  e  -  MC  t  e 


,  .  s  ,  -,„k  l-k  t 
<  <j)  ( t^)  +  MC  t  e  . 


3  -  — 
k  2 

From  (11),  (^(t^)  £  4MC  cosh  t^,  therefore. 


3  -  — 

cj)(t)^4MCk  t^  ^  cosh  tQ+MCkt^  ket,  tp_>2(k-l),  l<_k. 


(12) 


Now,  for  ip(t),  we  have  for  k  _>  1 , 


ip(t)  = 


e  Ta(x)x^  kyk(x)dx 
n 


<  MC 


k 


-x  l-k 
ex  dx 


f  .  k  rk. 

(since  y  <  C  ) 
n  — 


<  MC  t 


r°° 

k  l-k  '  -x 


e  dx 


k  l-k  -t 
=  MC  t  e 


Hence , 


r 


12 


i|»(t)  £  MCkt1  ke  t,  1  <  k,  t  >  0  . 


(13) 


This  estimate  will  be  useful  for  t  large.  To  estimate  ^(t)  near  t  =  0. 
we  choose  a  value  t  in  (0,1)  and  write 


<Kt)  = 


ke  Ty^(x)a(T)di  +  ih ( 1 )  . 


We 


have  from  (13),  <Kl)  <  (^Me  ^  <  C^M.  Therefore, 


ip(t)  <  MC  + 


ke  Tyk(x)a(x)dx 
n 


<  MC  +  M 


J  t 


n  ,  k  k-2 

i-k  -t  2  -1+i  yn 

x  e  y  x  - 

n  -1  +• 


dx 


<  MCk  +  MCk  2 


2  2  -t  2  2 

y  x  e  dx  (since  y  <tJ(y  )  <tC  implies 
n  n  —  n  — 

k-2 

4s —  <  ck-2> 


-(k-2) 


<  MCk  +  MCk  2 


<  MCk  +  MCk  2 


t  2  9  k 

1^n  2'2 

2  T 

t  x 


-x 


dx  (since  e  <  1) 


(14) 


2  9  k 

i  y_  2  -  7 

— —  dx  (since  x  <_  1  on  [0,1]  for  k<^4) 

t  x 


k  k-2 

<  MCK  +  4MCK  Z 


y  dx  (since 


T  2 

7 dx  x 4 

0  T 


y2dx) 


0 


k  .  k 
<  MC  +  4MC 


(since 


•  2  2 
y  <  J(y)  £  C  ) 


=  5MC  (1  <  k  <  4) . 


Hence , 


i|;(t)  <_  5MC  if  k  £  4,  0<  t  <  1 


(15) 


. 

13. 


2  Z  2 

If  k  >  4,  then  x  <_  t  since  1  >_  x  _>  t  _>  0.  So  from  (14), 

we  have 


k  k-2  “  9 

^ ( t)  <  MC  +  MC  t 


9  k  1  2 

2  fl  y. 


n 


dx 


t  T 


2  -  — 

<  MCk  +  4MCk  t  2  (k  >  4) 


Therefore , 


2-f 


ij>(t)  <_  Mc(l  +  4t  2)  for  k  >  4 ,  0<_t<_l 


(16) 


Now,  we  shall  show  that  the  function  v  (t)  =  e  t'4>(t)  +  sinh  t  ^(t) 

n 

tends  to  zero  for  both  t  ->  0  and  t  Using  the  above  estimates 


for  cf>(t)  and  ip(t)  ,  we  first  show  that  v  (t)  -*  0  as  t  ->■  0.  For 


n 


1  £  k  _<  4,  0  <  t  <_  1,  using  (11)  and  (13),  we  obtain 

3  -  — 

k  -t  9  k 

v  (t)  <  4MC  e  t  cosh  t  +  5MC  sinh  t 
n  — 


(17) 


and  for  6>^k>4,  0  <  t  <_  1,  we  use  (11)  and  (16)  to  obtain 

3  k  2  -  — 

v  (t)  <  4MCke  t  t  2  cosh  t  +  MCk[l  +  4t  2)  sinh  t. 
n  — 

Thus ,  we  see  that  v(t)->0  as  t->0  if  l<k<6. 

J  n 

We  now  will  show  that  v  (t)  -*■  0  as  t  ■>  °°,  for  1  <  k.  By  (12)  and 

n 

(13), 

3  -- 

k  J  9  -t  -t  k  1-k 

v  (t)  <  4MC  t_  cosh  t_  e  +  (1 + sinh t  e  )MC  t  ,  k  >  1. 
n  —  0  U 


This  implies  that  v  (t)  ->-0  as  t  00  for  all  k  >  1 


n 


To  estimate  v  (t)  we  write 

n 


1 


14. 


v  (t)  =  e 
n 


-t 


rt 


0 


1-k  k 

t  a(x)  sinh  x  y  (x)dx  +  sinht 

n 


x^  ^a(x)e  Ty^(T)dT 
n 


=  e 


-t 


rt 


o 


i_k  k 

x  a(x)  sinh  x  y  (x)dx  +  sinht 

n 


1-k  /  s  -x  k,  N,  , 
x  a(x)e  y  (x)dx  + 
n 


+  sinh  t 


x1  ^a(x)e  Ty^(x)dx, 
,  n 


v  (t)  -  e  ta(t)t^~  ^sinh  t  y^(t)  -  e 
n  Jn 


ft 


0 


a(x)x^  ^  sinh  x  y^(x)dx 

n 


+  cosh  t 


x1  ^a(x)e  Ty^(x)dx  -  (sinh  t)  t1  ^a(t)e  ty^(t)  + 
n  n 


+  cosh  t 


x^  ^a(x)e  Ty^(x)dx 
n 


-t  ,  .  1-k  .  ,  k.  .  -t 

e  a(t)t  smh  t  y  (t)  -  e 

n 


0 


a(x)x^  k  sinh x y^(x)dx 

n 


+  cosh  t 


x^  ^a(x)e  Ty^(x)dx  -  (sinh  t)  ^a(t)e  ty^(t) 
n  n 


So , 


v  (t)  =  -e  td)(t)  +  cosh  t  ip(t) 
n 


(18) 


and  using  the  estimates  (12)  and  (13)  ,  we  find  that  for  t  ->•  +00, 

k  1-k  t'l  „  ,  „„k  1-k  -t 


3  -  — 

v  (t)|  _<  e  t  (4MC^tQ  ^  cosh  tn  +  MCKtX  KeX)  +  cosh  t  MC^t"1  Ke 


'0 


3  -  — 

=  4MC^  t^  ^  cosh  t^  e  11  +  (e  11  cosh  t  -  1)  MC^t^ 


and  therefore  we  see  that  v  (t)  -*  0  as  t-^°°  for  k  >  1.  As  t  0, 


n 


if  1  <  k  <  4,  from  (11)  and  (15) 


3  _  — 

v  (t) I  <  4MC^e  t  t  ^  cosh  t  +  5MC  cosh  t  . 
n  1  — 


f 


15. 


•  • 

Hence,  |  ( t )  |  is  bounded  near  t  =  0  if  1  £  k  £  4,  and  since 


v  (O  0  as  t  ->  0,  we  obtain  lim  v  (t)v  (t)  =  0  for  1  <  k  <  4 

t  -*  0  n  n 

If  k  >  4,  from  (11)  and  (16),  we  get 


3  -  — 
,k  -t  2 


2-|. 


VR(t)  £  -4MC*'  e  L  t  ^  cosh t  +  MC  (l + 4t  Z)  cosh t 


and 


2  - 


n 


(t)  =  0(t  )  <Nt 


2-| 


as  t  ->  0.  Thus, 

k  2  -  — 

v  (t)v  (t)  < 4NMC  e  tt'*  ^cosh  t  +  NMC^  t  ^  sinh  t  +  4NMC^t^  ^sinht. 
n  n  — 

— 5  1c 

Now,  for  4  <  k  <  5,  lim  e  t  cosh t = 0  ,  also 


t  ->  0 


2  - 


.  .  2  .  ,  ^  -  .  sinh  t  .  .  cosh  t 

lim  t  sinh  t  =  lim  — — —  =  lim 

t  +  0 


t  -*•  0  ■?-  2  t  ->■  0  ,  t-3 

t2  (|-2)t2 

2-| 

by  L'Hospital’s  Rule,  and  we  see  that  lim  t  sinh t =  0,  4  <  k  <  5. 


4-k 


t  0 

Similarly,  lim  t"  sinh  t  =  0,  4  <  k  <  5.  Hence,  we  obtain 

t  0 

lim  v  (t)v  (t)  =0  if  1  <  k  <  5.  From  (18)  we  get, 
t  -*  o  n  n 

v  (t)  = -e  t  (sinh  t)  a(t)  t^  ^y^(t)+e  ^(t)  -  (cosh  t)e  ta(t)t^  ^y^(t)  +  \p  (t)  sinh  t 
n  n  n 

Therefore,  v  (t)  exists  and  we  conclude  that  v  (t)  is  a  solution  of 
n  n 

the  boundary  value  problem 


v  -v  +■  t'*’  ^a(t)y^  =0,  v  (0)  =  v  (°°)  =  0. 
n  n  n  n  n 


Thus  u  (t)  =  a  v  (t)  solves  the  boundary  value  problem  (9).  Also, 
n  n  n 

since  we  assumed  y  (t)  to  be  non-negative  in  (0,°°)  ,  formula  (10) 

implies  v  (t)  is  also  non-negative  in  (0,°°)  . 
n 


16. 


4.  We  now  prove  J(u  )  <  J (y  ) . 

n  —  n 


• •  1— k  k 

We  have  v  -v  +  a(t)t  y  =  0,  v  (0)  =  v  (°°)  =  0 .  We  multiply 
n  n  n  n  n 

this  equation  by  v  (t)  and  integrate  from  0  to  T.  Then, 


n 


r  T 


0 


(v  v  -v^  +  a(t)t^  kykv  )dt  =  0. 


n  n  n 


n  n' 


Now, 


rT 

•  •  • 

T 

rT  ,2  .  . 

v  v  dt  =  v  v 
q  n  n  n  n 

o  J 

v  dt=v  (T)v  (T)  -v  (0)v  (0)  - 
q  n  n  n  n  n 

0 


•2, 
v  dt 
n 


Hence, 


r  T 


0 


•  2 

v  dt  - 
n 


0 


v  dt  =  - 
n 


r  T 


0 


a(t)t^  kykv  dt  -  v  (T)v  (T)  , 
n  n  n  n 


so 


H  (T)  = 


T  -2  2  rT 

(v  +  v  )dt  = 

0  n  n  J0 


a(t)t1  kykv  dt+v  (T) v  (T)  . 
n  n  n  n 


(19) 


Also,  by  Holder's  Inequality  we  have 


rT 


0 


f  v  1-k  k 
a(t) t  y  v  dt  = 
n  n 


rT 


0 


(a(t) 


- -----  (1-k)  k 

k+1  U  ;k+l  k 


1  (1-k):  1 


yn)  (a(t)k+1  t  k+1  vjdt 


0 

rT 

0 


,  1-k  k+1, 

a(t)t  y  dt 
n 


k+1 


rT 


,  N  1-k  k+lj  ! k+1 
a(t) t  v  dt : 

0  n 


(20) 


z  N  1-k  k+1  k+1 

a(t)t  v  dt 
n 


I r fT  ,  .  1-k  k+lj  -|2| 

=  l  a(t)t  V  dt]  | 

LJ0  n  J 


(since 

1 


0 


,  N  1-k  k+1  1 . 

a (t) t  y  dt  =  1) 
n 


2 (k+1) 


From  (7) ,  it  follows  that 
rT 


,  N  1-k  k  .  !  .J-A  rz±  2.  i  k+1  i  2  (k+1) 

a(t)  t  y  v  dt  <  1  25M  (v  +v  )dt 

0  n  n  L  Jo  n  n  J 

k+1 


£  (5M)  H(T)  £  5M  H(T)  (without  loss  of  generality, 

5M  >  1) 


17. 


Hence , 


0 


a(t)t^  ky^v  dt  <  5MH(T) 
n  n  — 


(21) 


From  (19) ,  we  have  H  (T)  - 


0 


a(t)t^  ky^v  dt  =  v  (T)v  (T) . 
n  n  n  n 


Consequently,  (21)  implies  that  H  (T)  -  5MH(T)  <  v  (T)v  (T)  which  in 

—  n  n 

r  r\  r\  r  <~\ 

turn  implies  that  (h(T)-^-m)  £  ■— -  M  +  v  (T)v  (T)  .  Now,  we  have 


n  n 


v  (T) v  (T)  ->  0  as  T  ->  °°.  Hence 
n  n 


r  T  /  x  5  2  25  t,2 

lJ(v)  "  T  MJ  1  17  M  • 


roo 


Thus 


0 


2  2 

(v  +v  )dt  exists  and  since  u  =  a  v  ,  we  conclude  that 
”  n  n  n 


n  n 


0 


(u2  +  u2)dt ,  and 
n  n 


fc 


0 


1-k  k+1 

a(t)t  u  dt,  exist.  (Note  that  u  (t)  =  a  v  (t) 
n  n  n  n 


is  of  constant  sign,  since  v  (t)  is  non-negative).  Thus,  we  may  choose 

CO 

1-k  k+1 

the  positive  normalization  constant  a  such  that 

n 


0 


a(t)t  u  dt  =  1, 
n 


i.e.  , 


a 


n 


,  x  1-k  k+1  k+1 

a(t)t  v  dt 

0  n  J 


It  follows,  then,  that 


k 


0 


,  %  1-k  k  , 
a(t)t  yudt< 
n  n  — 


0 


,  A  1-k  k+1 
a(t) t  y  dt 
n 


k+1 


0 


,  x  1-k  k+lj 

a(t)t  u  dt 
n 


'l  k+1 


<  1-1  =  1, 


Therefore,  from  (19)  (multiplied  by  a  )  ,  we  get,  for  T  °°, 


0 


•  2  2 

(u  +u)dt  =  a 
n  n  n 


0 


a(t)t"*~  ^y^u  dt  <  a  , 
n  n  —  n 


that  is, 


J(u  ) 
n 


0 


•  2  2 

(u  +  u  )dt  <  a 
n  n  —  n 


(22) 


18. 


•  •  l*“lc  1c 

Next,  we  multiply  u  -  u  +  a  a(t)t  y  =  0  by  y  (t)  and  inte- 

n  n  n  n  n 

grate  from  0  to  °°, 


0 


[y  u  -u  y  +  a  a(t)t1  ^yk+1)dt  =  0. 
^  n  n  n  n  n  ^n  1 


(23) 


Before  we  evaluate  the  integral  (23)  we  show  that  u  (t)y  (t)  ->  0  for 

n  n 

t  ->■  0  and  t  ->  00 .  Recall  that  u  (t)  =  a  v  (t)  ,  hence  u  (t)  =  a  v  (t) 

n  n  n  n  n  n 

1- 

Now  note  that  y  (t)  =  o(t2),  v  (t)  is  bounded  near  t  =  0  if 

n  n 

2  -  — 

•  2 

1  <  k  <  4,  and  v  (t)  =  0(t  )  if  k  >  4 .  It  follows  then  that 

—  n 

5-k 

u  (t)y  (t)  =  0(t2)  if  1  <  k  <  4,  and  u  (t)y  (t)  =  0(t  2  )  if 
n  n  —  n  n 

4  <  k  <  5.  This  implies  that  lim  u  (t)y  (t)  =0.  We  have  shown  that 

_  n  n 
t  -►  0 

•  • 

v  (t)  0  as  t  00  for  k  >  1,  hence  u  (t)  -*  0  as  t  -*■  °°;  also 

n  n 

2  2 

y  (t)  <  c  ,  t  >  0.  We  thus  have  lim  u  (t)y  (t)  =  0.  We  then  obtain 
n  —  —  v  n  n 

t  ->  °o 


rCO 


0 


y  u  dt  =  y  (°°)u  (°°)  -  y  (0)u  (0)  - 
n  n  n  n  n  n 


0 


u  y  dt 
n  n 


0 


u  y  dt . 
n  n 


So,  (23)  becomes 


f  CO 


0 


•  * 

(uy  +u  y  )dt  =  a 
n  n  n  n  n 


0 


,  N  1-k  k+1 
a(t)t  y  dt  =  a  . 

n  n 


This  implies  that 


2a  .  Therefore, 
n 


OO  j-00 

(u2  +  u^)dt+j  (y2  +  y2) dt  - 
0  n  n  J0  n  n 


0 


•  •  N  2  .  \2-ij 

(u  -  y  )  + (u  -  y  )  ] dt 

n  n  n  n 


J  (u  )  +  J(y  )  -  J(u  -y  )  =  2a  . 
n  n  n  n  n 


(24) 


We  have  J(u  )  <_  a  by  (22).  Therefore,  J +  J "  J^Un"yn^  -  2J^un^ 


n  —  n 
and  it  follows  that 


J (u  )  <  J (y  )  -  J(u  -y  )  <  J(y  ), 
n  —  n  nn  —  n 


(25) 


19. 


with  equality  if  and  only  if  J(u  -y  )  =  0,  i.e.,  if  and  only  if 

n  n 

u  =  y  . 
n  n 

Now,  we  proceed  to  find  an  estimate  for  a  .  From  (22)  and  (24) , 

n 

we  get  J(y  )  -  J (u  -y  )  >  a  ,  that  is,  J(y  )  >  a  +  J(u  -y  )  >  a  > 
n  n  n  —  n  n  —  n  n  n  —  n  — 

J(u  ).  Therefore, 
n 


J(y  )  >  a  >J(u). 
n  —  n  —  n 


(26) 


Since  the  u  1  s  are  admissible,  A  =  inf  J (y) ,  and  J (y  )  tends  to  A, 

n  A  n 

(26)  implies 


lim  J(u  )  =  lim  a  =  lim  J(y  )  =  A 

n-K>°  n  n+°°  n  n-*» 


(27) 


which  in 

turn 

J(u  -y  ) 

2 

=  e 

n  n 

n 

J(u  -y  ) 

2 

=  e  * 

n  n 

n 

lim  e 

=  0. 

n-x» 


n  n 

:  y2, 

2 


n  n 


J(u  -y  )  =  e  ,  that  is,  (u  -y  )  <  e  .  Thus  |u  (t)  -y  (t)  |  <  e  , 

n  n  n  n  n  —  n  n  n  —  n 


n  00 


n 


Now. 


u  (t)  =  a 
n  n 


0 


ka(x)g(t ,x)ykdx  +  a 
n  n 


roo 


a(x)x1  kg(t,x)ykdx. 

n 


Therefore , 


yn(t) 


-  a 


n 


x1  ka(x)g(t  ,x)yKdx  |  =  |y  (t)  -u  (t)  +a 
°  n  1  'n  n  n 


k 


r°o 


o 


x1  ka(x)g(t ,x)ykdx 


<  |  y  (t)  -  u  (t) |  + 
—  1  n  n 


a 


n 


x1  ka(x)g(t ,x)ykdx 


<  e  +  a 

—  n  n 


x1  ka(x)g(t ,x)ykdx |  . 


Now, 


r00  ^oo 

Tl_ka(x)g(t, x)ykdx  =  sinh t 
T  n 


x"^  ka(x)e  Tykdx  (t  _<  T) 


<  (sinhT)MCk  T1  k  e  T  (by  (13)) 


1  f  Ck  T1_k  1  MCk  T1-k. 


20. 


Hence , 


y  (t)  -  a 
n  n 


0 


1— k  ^  v  I— v 

t  a(x)g(t,x)y  dx  <  e  +  a  MC  T  (t  <  T) 

n  —  n  n  — 


If  n  -*  00 ,  then  y  (t)  -*  y(t)  uniformly  in  [0,T];  and  since  e  ->  0 


n 


n 


and  ->  A  by  (27)  ,  we  get 


y (t)  -  A 


0 


1-k  /  \  ✓  N  k,  i  ...^k  1-k 

x  a(x)g(t,x)y  dx  |  j<  AMC  T 


which  implies 


y(t)  =  A 


x^  ^a(x)g(t ,x)ykdx  (for  k  >  1)  . 


(28) 


0 


Consequently,  y(t)  =  lim  y  (t)  =  lim  u  (t) ,  y(t)  is  a  solution 

n  n 

n  -*■  00  n  00 

of  the  integral  equation  (28),  and  y(t)  0  as  t  ->  0  and  t  00  from 

similar  estimates  to  those  used  on  u  (t) 

n 

Finally,  we  will  show  that  y(t)  is  a  non- trivial  solution  of  (28). 

•  •  1*— lc  1c 

Multiplying  the  equation  u  -  u  +  a  t  a(t)y  =  0  by  u  (t)  and 

n  n  n  n  n 

integrating  from  T  to  °°  (0  <  T  <  00 )  ,  we  get 


/  •  •  0  "I  —  \r  V  n 

fu  u  -u  +  a  t  a(t)y  u  Idt  =  0 
v  n  n  n  n 


k 

n  n' 


fco 


l .  e . 


2  2 
(u  +  u  )dt  =  a 
n  n  n 


a(t)t^  kyk  u  dt  -  u  (T)u  (T) . 
n  n  n  n 


Now 


•  2  2 

(u  +  u  ) dt  = 
n  n 


f  oo 


0 


2  2 
(u  +  u  )dt  - 
n  n 


r  T 


0 


•  2  2 

(u  4- u  ) dt 
n  n 


=  J(u  ) 
n 


0 


.  2  2 

(u  +  u  ) dt  >  A  - 
n  n  — 


0 


•  2  2. 

(u  +  u  )dt 
n  n 


and 


k-1 

t"*"  ^a(t)y^u  dt  <  [J(y  )]  “MT 
,  n  n  —  n 

k-1 


f  00 


u  y  dt 


n  n 


<  [J(yn)]  2  M  T1  k[J(un)]*5[J(yn)]: 


since  for  t  >_  T  t1  k  £  T1  k  and  y2(t)  1  J(yn)-  Therefore,  using  the 


' 


I 


21. 


above  estimate  and  (19)  (multiplied  by  a  ) ,  we  obtain 

n 


A  - 


•  2  2 

(u  +  u  ) dt  < 
n  n  — 


•2  2 
(u  +  u  )dt 
n  n 


=  a 


n 


1-k  k  ,  N  ,  .  •  ,  . 

t  y  u  a(t)dt  -  u  (T)u  (T) 
,  n  n  n  n 


1  a  [J(y  )]2  [J(u  )]1"2  M  T1  k  -  u  (T)u  (T)  , 
n  n  n  n  n 


that  is, 
•T 


A  < 


0 


(u2+u2)dt  +  cx  [J(y  )]2[J(u  )]'%  T1  k  -  u  (T)u  (T) 
an  n  n  n  n  n 

k 


=  a 


n 


0 


t1  ka(t)ykundt +Un(T)un(T)  +an[J(yn)]2[J(un)]iSMT1  k-un(T)un(T) 


Since  J(u  )  <  J (y  ) , 
n  —  n 


k+1 


A  <  a 


n 


0 


t^  ka(t)yku  dt  +  a  M  k[J(y  )]  2 
n  n  n  ;n 


Suppose  y  (t)  ->  y(t)  =  0  uniformly  on  [0,T]  (hence  u  (t)  0)  for 

n  n 

k+3 

1-k  2 

n  -*  °°.  Then  we  could  conclude  A  <  M  T  A  since  a  ->  A  and 


—  n 

J  (y  )  A  as  n  ->  00 .  But  this  is  impossible  since  A  >  0  and  the  R.H.S. 
can  be  made  arbitrarily  small  by  taking  T  large  enough.  Our  function 
y(t)  is  therefore  a  non-trivial  solution  of  the  integral  equation  (28). 

Obviously,  y(t)  is  non-negative  in  (O,00).  From  the  equation  (28)  we  see 
that  y(t)  is  positive  in  (0,°°)  because  g(t,x)  is  positive  except  at  t  =  0 
and  r  =  00  ,  and  also  by  the  condition  imposed  on  a(t)  in  (lb). 

We  saw  that  the  R.H.S.  of  (28)  can  be  differentiated  twice  with 
respect  to  t,  that  is, 

*y(t)  =  Ae_t(f>(t)  +  A  sinh  t  ip  (t)  -  Ae_ta  (t)  t1  kyksinh  t  -  At1  ka(t)e  tykcosh  t 


=  y (t)  -  A  a (t ) t1  kyk[e  t(sinh  t  +  cosh  t)]  =  y(t)  -  A  a(t)t1  kyk. 


* 


22. 


Hence,  by  (28),  y(t)  is  a  solution  of  the  differential  equation 


y  -  y  +  At1  ka(t)yk  =  0,  y(0)  =  y(°°)  =  0. 


(29) 


And  if  we  let 


u(t)  =  Ak  1  y ( t ) 


(30) 


we  then  get 

u  -  u  +  t^  ka(t)uk  =  0,  u(0)  =  u (°°)  =  0. 

•  •  1~"1<  lc 

Consequently,  for  1  <  k  <  5,  the  equation  u-u  +  t  a(t)u  =0 
has  a  non-trivial  solution  u(t)  such  that 


(i) 

it  is 

continuous 

for 

(ii) 

u(t) 

•>  0 

for 

t 

+  o. 

(Hi) 

u(t) 

■>  0 

for 

t 

->  °°. 

Since  equation  (2)  is  related  to  (la)  by  letting  u(t)  =t  x(t), 
we  are  assured  of  the  existence  of  a  solution  of  (la)  for  0  t  <  00 

only  if  lim  t  ^u(t)  exists.  In  order  to  show  that  lim  t  ^u(t) 


t  ->  0 


t  +  0 


exists,  considering  the  case  a  =  1  for  simplicity,  we  first  note 


that,  from  (17), 


v 


3  -  — 
2 


n 


(t)  =  o(t  Z)  +  0(t) ,  1  1  k  £  4. 


Hence,  t  (t)  is  bounded  as  t  -*  0+.  Now 
n 


-1  /  .  -1  -t 

t  v  (t)  =  t  e 
n 


t-  rc- 

k  -  -  -1  _  I  -t  ,  x  1-k  k, 


0 


1 -V  k  -I  — T  ,  x  1-K  K,  N  , 

a(t)yn(x)sinh x dx + t  sinh  t  e  a(x)x  y^(x)dx 


Then , 


lim  t  v  (t) 
~  n 
t->0 


lim  t  ^e 
1 10 


ka (x)yk(x) sinh x dx + lim  t  sinh t 

o  n  tlO 


— x  ,  x  1-k  k,  x  , 
e  a(t)x  yn(t)dT 


=  e  °lim  x1  ka(x)y  (x) sinh(x)  + cosh  0 
„  n 

xiO 


0 


-x  /  x  1  k  k<  X. 
e  a  (x) x  yn(x)dx 


23. 


/•)  f  1-k  2  ^ 

0  I  T  T  X  ,  + 

^  J  1  xlO 

4-k 


/•CO 


0 


e  Ta(x)x  kyk(x)dx  (since  y2(t)<tC2) 


0 (x  2  )  |  + 

^  xiO 


0 


-t  .  .  1-k  k/  x  , 
e  a (x) x  y  (x)dx. 

n 


t  \  (t)  - 
n 


-1 

v 

tiO  n 

r°° 


Hence,  for  k  <  4,  lim  t  v  (t)  exists.  Furthermore, 

T1  * 

4-k 


0 


e  Ta(T)i1_ky^(T)dx|  <  Kx  2  ,  0  <  x  <  t. 


So,  | t  (t)  - 
n 


-x  ,  1-k  k 

e  a(x)x  yn(x)dx|  is  small  as  t  I  0  independent  of 


0 


n.  y(t)  -  lim  v  (t)  implies 

n-x» 


t  Vo  - 


-x 


1-k  k 


-1 


-1 


e  La(x)x"  £VyIV(x)dx  |  <  |t  xy(t)-t  xv  (t)  I  +  It  1v  (t)  - 
0  n  n 


fc 


0 


-x  1-k  ,  N  k,.  .  ,  | 
e  x  a(x)y  (x)dx  + 
n 


0 


x1  ke  Ta(x) (yk(x) -yk(x) )  dx |  . 


As  t  1  0,  the  second  term  on  R.H.S.  is  0(1)  independent  of  n.  Hence 
we  choose  6  small  enough  to  make  the  second  term  less  than  -j  for 
0  <  t  <  5.  For  each  fixed  t  e  (0,6),  we  can  choose  n  =  n(t)  to 
make  the  first  term  less  than  y  and  also  the  third  term  less  than  y  . 
Thus , 


y(t) 

t 


-x  ,  .  1-k  k,  v  , 
e  a(x)x  y  (x)dx 


0 


<  e  for  | t |  <  6(e), 


and  1 im  [ 
1 10 


y(t) 


e  Ta(x)x^  kyk(x)]  =0,  i.e.,  lim  t  ^y(t)  exists. 


0 


tiO 


-1 


Consequently,  lim  t  u(t)  exists.  Since  u  (t)  y(t),  (17)  and  (30) 

tiO  n 

show  that  there  exists  a  continuous  solution  of  (la)  if  1  <  k  <  4.  We 
have  thus  shown  that  a  solution  u(x(t))  of  the  ordinary  differential 
equation  (la)  exists  with  the  required  properties  for  1  <  k  <  4. 


Nehari's  assertion  that  his  proof  works  for  k=4  appears  to  be  an  error. 


CHAPTER  III 


A  FURTHER  APPLICATION 


In  this  section  we  show  how  the  calculus  of  variations  approach  can 
provide  an  alternative  proof  for  the  existence  of  a  solution  to  a  problem 
discussed  by  Luning  and  Perry  [6], 

They  considered  the  equation 

u"  +  AP (x)uV  ^ (x)  =  0,  0  <  x  <  1 ,  P (x)  0 ,  v  >  -2 ,  (y  *  0)  (1) 

with  homogeneous  boundary  conditions 

au(0)  -  guf (0)  =  0 
yu(l)  +  6u' (1)  =  0. 


In  addition,  we  assume  that  P(x)  £  0  in  C(0,1),  For  simplicity,  we 
shall  only  treat  the  case  u(0)  =  u(l)  =  0.  Luning  and  Perry  showed 
that  if  P(x)  _>  0,  v  >  -2  (y  *  0) ,  then  for  certain  a,  3,  y,  6's, 
there  is  a  positive  solution  to  the  problem.  Then  for  y  *  0,  y  =  A^^u 
solves  y"  +  P(x)yV~^  =  0  with  the  same  boundary  conditions. 

We  begin  by  observing  that  (1)  is  the  Euler-Lagrange  equation 
corresponding  to  the  problem  of  finding  the  minimum  of 


J  (y) 


(2) 


defined  on  a  class 


F  =  C2  n  {y(x)|  P (x)yV+2 (x)dx 


1,  y (x)  >  0  on  (0,1),  y(0)  =  y(l)  =  0}. 


J0 

Thus,  if  y(x)  is  a  solution  of  the  variational  problem  (2),  then  it  is 


-24- 


. 


e 
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also  a  solution  of  (1)  such  that  y(0)  =  y(l)  =  0. 

We  shall  now  find  a  lower  bound  for  J(y).  Since  y(0)  =  0  we 
have  the  following 

2  fx  2  (X  - 

y  (x)  =  (  y'dz]  <_  x|  y'  dz  <_  xJ (y)  <_  J(y),  0  <  x  <  1 

Jo  Jo 


(3) 


Then  assuming  that 

•1 
0 


P(x)dx  =  K  >  0  (P(x)  is  non-trivial)  we  arrive  at 


0 


1 

1  =  f  P(x)yv+2(x)dx  £  K[ J (y) ]  2 
J  n 


for  y  e  F, 


that  is. 


1  v+2 ,  ,  ,  > 2  2 


1=(  P  (x)yV"1"Z  (x)dx)  1  KZ[J(y)]V+2,  v  >  -2, 
0 


(4) 


We  have  thus  shown  that  J(y)  is  bounded  below  on  F,  so  inf  J(y)  =  y 

F 

exists  (y  >  0).  Then  by  the  definition  of  y,  there  exists  a  minimizing 

OO 

sequence  of  functions  (y^(x)}^  from  F  such  that  J(y^)  1  y  as 
k  ->  °°.  Since  J (y  )  1  y  as  k  ->  °°,  there  exists  a  positive  constant  C 

K. 

2  2  2 
such  that  3(y^_)  <_  C  ,  k  =  1,2,*  •*.  Therefore,  by  (3),  y^Cx)  —  C  > 

0  <  x  <  1.  That  is,  we  have  shown  that  the  sequence  {y^(x)}  is  uniformly 

bounded  on  [0,1].  We  have 

x„  x„  xn 


yk(x2)"yk(xi)  I2  =  (  dx)  1  (  1  dx)  ( 

'x„  -1  x. 


yk2  dx) 


=  (x2-Xl) 


X. 


X. 


y^dx  1  (x2-x1) J(yk)  1  (x2-x1)C2  for  0  <  x1  <  x2  <  1 


so  that  (y,  (x) }  is  an  equicontinuous  family.  Thus,  according  to  Arzela's 
k 

theorem,  we  can  select  a  subsequence  denoted  again  by  (y^(x)}  converging 
uniformly  to  y (x)  where  y(x)  e  C[0,1],  y(0)  =  y(l)  =  0,  y(x)  0  and 

J(y  )  i  y.  We  note  that  we  may  have  y(x)  =  0,  or  y(x)  might  not  be 

KL 


in  C  [0,1]. 


26. 


We  now  consider  the  linear  boundary  value  problem 


u"(x)  =  -a  P(x)y^+1(x),  u,  (0)  =  u.  (1)  =0,  k  =  1,2,-  (5) 


We  wish  to  show  that  by  choosing  a  >  0  so  that 

K. 


o 


P(x)u^+2 (x)dx  =  1, 


we  can  define  an  admissible  function  u^(x)  as  a  solution  to  (5)  satis¬ 


fying  J  (uk)  —  ^ (y^)  (hence,  J (u^)  1  p)  •  If  we  let  K(x,t)  be  the 
Green  s  function  of  the  differential  operator  Lu  =  u"  with  boundary 


conditions  from  (5),  i.e., 

f 

t(l-x),  0  <  t  <  x 


K(x,t)  =  { 


x(l-t) ,  t  >  X, 


then  the  solution  u^Cx)  of  (5)  can  be  written  as 


r- 


v+l 


u  (x)  =  a  K(x,t)P(t)y  (t)dt 

k  K  J  o  R 


(6) 


a ,  (1-x) 
k 


rx 


o 


t  P  (t)yk+^ (t)dt  +  a^x 


x 


(l-t)P(t)y^+1(t)dt 


a,  x 

k 


0 


(l-t)P(t)y^+1(t)dt  +  ak 


rx 


o 


(t-x)P(t)y^+1(t)dt. 


We  now  claim  that  lim  J (u^)  =  P*  In  order  to  show  this  we  first 

k  00 

multiply  the  equation  (5)  by  u^(x)  and  integrate  from  0  to  1,  that  is, 


0 


(\uk  +  akp(x)ukyk+1)dx  “  °- 


Integrating  the  first  member  by  parts  we  get 
,r0Vkdx  =  uk(1)uk 

Hence,  using  Holder's  inequality  we  arrive  at 


(1)  -  uk (0)u^(0)  - 


0 


u'2dx  =  - 
k 


r- 


0 


u ;  2dx 
k 


27. 


0uk2dx  =  aJ0p(x)Vk+ldx  =  ak 


rrl 
0 


v+1  1 

(p(x)V+2y^+1)  (p(x)V+2uJdx 


1  ad |  POOy^dx 


v+1  „ 


v+2 


fl 


0 


P (x)uV+2dx 
k 


v+2 


=  a 


k* 


We  then  have 


(V  ± 


V 


Next  we  multiply  (5)  by  yk(x)  and  obtain 


(y  (x)u"(x)  +  a  P(x)y^2(x))dx  =  0. 


0 


kv  y  k 


Now, 


ykukdx  =  y-(1)u-(1)  -  y^°K(°)  - 


0 


kv  '  k 


k  k 


0 


ykVX* 


So, 


0 


ykUkdx  =  \ 


0 


P(x)y^+2(x)dx  =  afc. 


and 


2a,  =  2 
k 


y'u’dx  =  y * 2dx  + 

0  k  k  Jo  k 


fl  rl  r  1 


0 


,2, 
u,  dx  - 
k 


0 


(uk'yk)2dx 


Thus , 


=  J(yk)  +  J(uk)  -  J(Vyt)- 


2J(u,  )  5  2au  =  J(yj  +  J(u^)  -  J  (\_yk) » 


k  ~  k 


so 


j(0  J(yJ- 


Since  y  =  inf  J(y),  we  conclude  that  J (u  )  +  y  as  k  -*  00 .  Then 

F 

since  u  '  s  are  admissible  functions,  from  (7)  we  have  the  following 

k 


lim  J(u  )  =  lim  a  =  lim  J (y  )  =  y  and  lim  J (uk~yk)  =  0. 

K.  1  _  ^  1  -  m 


k  ->  00 


k  -> 


k  ->  °° 


(7) 


28. 


If  we  set  J (Vyk)  ~  ek’  from  ^  we  get  ('uk~yk')2  —  J('Uk”yk'>  =  £k’ 
and  so  |u^(x)  -  y^(x) |  e^.  Adding  yk(x)  to  both  sides  of  (6) 


yk(x)  -  ak 


v+l 


0 


K(x,t)P(t)y  ( t ) dt  j  =  |y  (x)  -  u  (x)  |  <_  e  . 


Letting  k  -*  °°,  and  recalling  yk(x)  y(x),  we  have  u^x)  ^  y(x) 


uniformly  on  [0,1],  1  y;  thus, 


fJ 


v+l 


y (x)  =  y  K(x,t)P(t)y  (t)dt  , 
0 


(8) 


and  we  conclude  that  y(x)  is  a  solution  of  the  integral  equation  (8) 
satisfying  y(0)  =  y(l)  =  0  and  y(x)  =  lim  y  (x)  =  lim  u  (x) . 

kK.  - 

00  k  00 

Let  us  now  show  that  y(x)  is  a  non-trivial  solution  of  (8).  We 


multiply  the  equation  (5)  by  ir  (x)  and  integrate  from  T  to  1, 

1  f1  2 

\ukdx  =  \(1)ii(1)  -  uk(T)uk(T)  - 


u'  dx,  and  we  obtain 

T  K- 


-1  rl 

uk2dx  =  ak 


v+l 


P(x)uk(x)yk  (x)dx  -  uk(T)uk(T) 


Now, 


Also, 


u’  dx  = 
,  k 


0 


u’2dx  - 
k 


0 


u^dx  =  J (u^)  “ 


0 


2 

u’  dx  >  y  - 
k  — 


0 


,2, 

\  dx  ’ 


and  using  the  inequality  (3)  we  obtain 


v+l 


a. 


P(x)yk+1(x)uk(x)dx  <  ak|jp||  [J(yk>]  x  [  JO^)  ]'2(1-T) 


where  P 


=  max  | P (x) | . 

[0,1] 


Then, 


29 


v+1 


y  - 


(u^.)2dx  1  \llp||[J(yk)]  Z  [J(uk)]^(l-T)  -  uk(T)u^(T), 

v+1 

(up2dx  +  \l|P||[J(yk)]  2  U(uk)]S5(l-T)  -  uk(T)u^(T) 


y  < 


X  v+1 

-  uk<T)uk(T)  +  aj  P(x)y^+1(x)uk(x)dx  +  afe|| P ||[ J (yfc)  ]  2  [J^l^d-T)  -  uk(T)u^(T) 

v+2 

—  \{  P(x)yk+1(x)uk(x)dx  +  a]JIP  11^ J^yk^  2  (1-T)  (since  J (u^)  £  J(yk>). 

Suppose  y(x)  =  0.  Then  for  k  yk(x)  ^  ^  uniformly  on  [0,1],  and 

since  a  and  J  (y  )  tend  to  y  >  0,  we  would  have 
k  k  v+2 

0  <  v  <_  y  2  ||p||  (1-T), 


so  as  T  t  1  we  get  a  contradiction.  Thus  we  have  proven  that  y(x)  is 
a  non-trivial  solution  of  (8) . 

Differentiating  the  equation  (8)  twice  we  see  that  y(x)  is  a 
solution  of  the  boundary  value  problem 


y"  +  AP(x)yV+1  =  0, 


y (0)  -  y(l)  =  0, 


v  >  -2 . 


This  solution  is  positive  since  K(x,t)  is  positive  for  t  >  0. 
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